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Wα,p AND C0,γ REGULARITY OF SOLUTIONS TO (µ −∆+ b · ∇)u = f WITH
FORM-BOUNDED VECTOR FIELDS
DAMIR KINZEBULATOV
Abstract. We consider the operator −∆ + b · ∇ with b : Rd → Rd (d ≥ 3) in the class of form-
bounded vector fields (containing vector fields having critical-order singularities), and characterize
quantitative dependence of the W1+
2
q
,p (2 ≤ p < q) and the C0,γ regularity of solutions to the
corresponding elliptic equation in Lp on the value of the form-bound of b.
Let d ≥ 3. Consider the formal differential expression
−∆+ b · ∇, b : Rd → Rd, (1)
with b in the class of form-bounded vector fields Fδ, δ > 0, i.e. |b| ∈ L2loc ≡ L2loc(Rd,Ld) and there
exists a constant λ = λδ > 0 such that
‖|b|(λ −∆)− 12‖2→2 ≤
√
δ
(see examples below). It has been established in [KS] that if δ < 1, then for every p ∈ [2, 2/√δ[ (1)
has an operator realization Λp(b) on L
p as the generator of a positivity preserving, L∞ contraction,
quasi contraction C0 semigroup e
−tΛp(b) such that D(Λp(b)) ⊂W 1,p ∩W 1,
pd
d−2 . Moreover, there exist
constants µ1 ≡ µ1(d, p, δ) > 0 and Ki = Ki(d, p, δ) > 0, i = 1, 2, such that u := (µ + Λp(b))−1f ,
f ∈ Lp satisfies for all µ > µ1
‖∇u‖p ≤ K1(µ− µ1)−
1
2‖f‖p, ‖∇|∇u|
p
2 ‖
2
p
2 ≤ K2(µ − µ1)
1
p
− 1
2‖f‖p.
In particular, if δ < 1 ∧ ( 2
d−2
)2
, there exists p > 2 ∨ (d− 2) such that u ∈ C0,γ, γ = 1− d−2
p
.
The next theorem improves on the regularity of u under the same constraints on δ:
Theorem 1 (Main result). Let d ≥ 3. Assume that b ∈ Fδ, δ < 1. Then for every p ∈
[
2, 2√
δ
[ the
formal differential expression −∆ + b · ∇ has an operator realization Λp(b) on Lp as the generator
of a positivity preserving, L∞ contraction, quasi contraction C0 semigroup e−tΛp(b) such that:
(i) The resolvent admits the representation(
µ+ Λp(b)
)−1
= Θ(µ, b), µ > µ0,
for a µ0 ≡ µ0(d, p, δ) > 0, where
Θ(µ, b) := (µ−∆)−1 −Qp(1 + Tp)−1Gp,
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the operators Qp, Gp, Tp ∈ B(Lp), ‖Gp‖p→p ≤ C1µ−
1
2
+ 1
p , ‖Qp‖p→p ≤ C2µ−
1
2
− 1
p , ‖Tp‖p→p ≤ cδ,p < 1,
where cδ,p :=
(
p
2δ +
p−2
2
√
δ
) 1
p
(
p− 1− (p− 1)p−22
√
δ − p(p−2)4 δ
)− 1
p ,
Gp := b
2
p · ∇(µ −∆)−1, b 2p := |b| 2p−1b,
and Qp, Tp are the extensions by continuity of densely defined (on E :=
⋃
ε>0 e
−ε|b|Lp) operators
Qp ↾ E := (µ −∆)−1|b|1−
2
p , Tp ↾ E := b
2
p · ∇(µ−∆)−1|b|1− 2p .
(ii) For each 2 ≤ r < p < q <∞ and µ > µ0, define
Gp(r) := b
2
p · ∇(µ−∆)− 12− 1r ∈ B(Lp), Qp(q) := (µ−∆)−
1
2
+ 1
q |b|1− 2p on E .
The extension of Qp(q) by continuity we denote again by Qp(q). Then Qp(q) ∈ B(Lp) and
Θp(µ, b) = (µ−∆)−1 − (µ−∆)−
1
2
− 1
qQp(q)(1 + Tp)
−1Gp(r)(µ −∆)−
1
2
+ 1
r , µ > µ0.
Thus,
(
µ+ Λp(b)
)−1 ∈ B(W−1+ 2r ,p, W1+ 2q ,p ) (⋆)
(Wα,p is the Bessel potential space).
(iii) By (i) and (ii), D
(
Λp(b)
) ⊂ W1+ 2q ,p (q > p). In particular, by the Sobolev Embedding
Theorem, for d ≥ 4, if δ < ( 2
d−2
)2
then there exists p > d−2 such that D(Λp(b)) ⊂ C0,γ, γ < 1− d−2p .
(For d = 3 the corresponding inclusion can be improved, see remarks below.)
(iv) e−tΛp(bn) → e−tΛp(b) strongly in Lp locally uniformly in t ≥ 0,
where bn := e
ǫn∆(1nb), ǫn ↓ 0, n ≥ 1, 1n is the indicator of {x ∈ Rd | |x| ≤ n, |b(x)| ≤ n}, and
Λp(bn) := −∆+ bn · ∇, D(Λp(bn)) =W2,p.
Remarks. 1. For d = 3, by the Miyadera Perturbation Theorem, the assumption b ∈ Fδ, δ < 1
implies that −Λ2(b) = ∆−b ·∇ of domain W 2,2 is the generator of a C0 semigroup in L2, and hence,
for µ > λδ, (µ + Λ2(b))
−1 : L2 →W 1,6. In particular, D(Λ2(b)) ⊂ C0,γ with γ = 12 .
2. The class Fδ contains a sub-critical class [L
d+L∞]d (with arbitrarily small form-bound δ) as well
as vector fields having critical-order singularities, e.g. in the weak Ld class or the Campanato-Morrey
class etc. See e.g. [KiS, sect. 4].
3. We say that b : Rd → Rd belongs to F1/2δ , the class of weakly form-bounded vector fields, and
write b ∈ F1/2δ , if |b| ∈ L1loc and there exists λ = λδ > 0 such that
‖|b| 12 (λ−∆)− 14 ‖2→2 ≤
√
δ.
In [Ki, Theorem 1.3], [KiS, Theorem 4.3], we have constructed an operator realization Λp(b) of
−∆ + b · ∇, b ∈ F1/2δ , mdδ < 1, md := π
1
2 (2e)−
1
2d
d
2 (d − 1)− d−12 as the generator of a positivity
preserving, L∞ contraction, holomorphic semigroup on Lp, p ∈]p−, p+[, p∓ := 21±√1−mdδ , such that
for all 1 ≤ r < p < q
(
ζ + Λp(b)
)−1 ∈ B(W−1+ 1r ,p,W1+ 1q ,p) (⋆⋆)
(cf. (⋆)). In particular, if mdδ < 4
d−2
(d−1)2 , then there exists a p > d − 1 such that D(Λp(b)) ⊂ C0,γ ,
γ < 1− d−1
p
.
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(Despite the inclusion Fδ2 ( F
1/2
δ , see [KiS, sect. 4], these two classes should be viewed as essen-
tially incomparable, for the corresponding regularity results hold under different assumptions on the
value of δ.)
The proof of Theorem 1 follows the Hille-Trotter approach of [Ki], [KiS]. However, the proof of
the crucial estimates in Proposition 1 below is based on [KS].
4. For |b| ∈ Ld,∞, one can extract additional information about the regularity of D(Λp(b)) arguing
as in remark 4 in [KiS, sect. 4.4].
5. Let C∞ := {f ∈ C(Rd) : limx→∞ f(x) = 0} (with the sup-norm). Theorem 1 allows to
construct the generator ΛC∞(b) of an associated with −∆ + b · ∇, b ∈ Fδ, δ < 1 ∧
(
2
d−2
)2
Feller
semigroup as (µ + ΛC∞(b))
−1 :=
(
Θp(µ, b) ↾ L
p ∩ C∞
)clos
C∞→C∞ , p > 2 ∨ (d − 2), by repeating [KiS,
proof of Theorem 4.4] (for −∆ + b · ∇, b ∈ F1/2δ ). Thus, we restore the result of [KS, Theorem 2].
This proof doesn’t require the Moser-type iteration procedure Lp → L∞ of [KS].
6. The proof of Theorem 1 extends directly to the operator studied in [KiS2]:
−∇ · a · ∇+ b · ∇ ≡ −
d∑
i,j=1
∇iaij(x)∇j +
d∑
k=1
bk(x)∇k, b ∈ Fδ,
with
a = I + c f ⊗ f where c > −1, f ∈ [L∞ ∩W 1,2loc ]d, ‖f‖∞ = 1,
∇if ∈ Fηi , i = 1, 2, . . . , d, η :=
d∑
i=1
ηi
for all p ≥ 2, c, η and δ satisfying the assumptions of [KiS2, Theorem 2]. (More generally, with
a = I +
∑∞
ℓ=1 cℓ fℓ ⊗ fℓ, fℓ ∈
[
L∞ ∩W 1,2loc
]d
, ‖fℓ‖∞ = 1 such that
∑
cℓ<0
cℓ > −1,
∑
cℓ>0
cℓ < ∞ and
∇ifℓ ∈ Fηiℓ , i = 1, 2, . . . , d, for appropriate η
i
ℓ > 0.)
Acknowledgements. I would like to express my gratitude to Yu.A. Semenov for helpful discussions.
1. Proof of Theorem 1
The following proposition is a new element in the Hille-Trotter approach of [Ki], [KiS].
Proposition 1. (j ) Set Gp = b
2
p · ∇(µ−∆)−1, Qp = (µ−∆)−1|b|1−
2
p , Tp = b
2
p · ∇(µ−∆)−1|b|1− 2p .
Qp, Tp are densely defined (on E) operators. Then there exists µ0 ≡ µ0(d, p, δ) > 0 such that
‖Gp‖p→p ≤ C1µ−
1
2
+ 1
p , ‖Qp‖p→p ≤ C2µ−
1
2
− 1
p , ‖Tp‖p→p ≤ cδ,p < 1, µ > µ0,
where cδ,p :=
(
p
2δ +
p−2
2
√
δ
) 1
p
(
p− 1− (p − 1)p−22
√
δ − p(p−2)4 δ
)− 1
p
.
(jj ) Set Gp(r) = b
2
p · ∇(µ − ∆)− 12− 1r , Qp(q) = (µ −∆)−
1
2
+ 1
q |b|1− 2p , where 2 ≤ r < p < q < ∞.
Qp(q) is a densely defined (on E) operator. Then for µ > µ0
‖Gp(r)‖p→p ≤ K1,r, ‖Qp(q)‖p→p ≤ K2,q.
The extension of Qp(q) by continuity we denote again by Qp(q).
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Proof. In what follows, we use notation
〈h〉 :=
∫
Rd
h(x)dLd, 〈h, g〉 := 〈hg¯〉.
It suffices to consider the case p > 2.
(j ) (a) Set u := (µ−∆)−1|b|1− 2p f , 0 ≤ f ∈ Lp. Then
‖Tpf‖pp = ‖b
2
p∇u‖pp = 〈|b|2|∇u|p〉
= ‖|b|(λ −∆)− 12 (λ−∆) 12 |∇u| p2 ‖22 (λ = λδ)
≤ ‖|b|(λ −∆)− 12 ‖22→2‖(λ−∆)
1
2 |∇u| p2 ‖22
= δ‖(λ −∆) 12 |∇u| p2 ‖22 = δ
(
λ‖∇u‖pp + ‖∇|∇u|
p
2 ‖22
)
.
It remains to prove the principal inequality
δ
(
λ‖∇u‖pp + ‖∇|∇u|
p
2 ‖22
) ≤ cpδ,p‖f‖pp, (∗)
and conclude that ‖Tp‖p→p ≤ cδ,p.
First, we prove an a priori variant of (∗), i.e. for u := (µ −∆)−1|b|1− 2p f with b = bn. Since our
assumptions on δ involve only strict inequalities, we may assume, upon selecting appropriate εn ↓ 0,
that bn ∈ Fδ with the same λ = λδ for all n.
Set
w := ∇u, Iq :=
d∑
r=1
〈(∇rw)2|w|p−2〉, Jq := 〈(∇|w|)2|w|p−2〉.
We multiply (µ −∆)u = |b|1− 2p f by φ := −∇ · (w|w|p−2) and integrate by parts to obtain
µ‖w‖pp + Ip + (p− 2)Jp = 〈|b|1−
2
p f,−∇ · (w|w|p−2)〉, (2)
where
〈|b|1− 2p f,−∇ · (w|w|p−2)〉 = 〈|b|1− 2p f, (−∆u)|w|p−2 − (p − 2)|w|p−3w · ∇|w|〉
(use the equation −∆u = −µu+ |b|1− 2p f)
= 〈|b|1− 2p f, (−µu+ |b|1− 2p f)|w|p−2〉 − (p− 2)〈|b|1− 2p f, |w|p−3w · ∇|w|〉.
We have
1) 〈|b|1− 2p f, (−µu)|w|p−2〉 ≤ 0,
2) |〈|b|1− 2p f, |w|p−3w · ∇|w|〉| ≤ αJp + 14αNp (α > 0), where Np := 〈|b|1−
2
p f, |b|1− 2p f |w|p−2〉,
so, the RHS of (2) ≤ (p− 2)αJp +
(
1 + p−24α
)
Np, where, in turn,
Np ≤ 〈|b|2|w|p〉
p−2
p 〈fp〉 2p
≤ p− 2
p
〈|b|2|w|p〉+ 2
p
‖f‖pp (use b ∈ Fδ ⇔ ‖bϕ‖22 ≤ δ‖∇ϕ‖22 + λδ‖ϕ‖22, ϕ ∈W 1,2)
≤ p− 2
p
(
p2
4
δJq + λδ‖w‖pp
)
+
2
p
‖f‖pp.
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Thus, applying Iq ≥ Jq in the LHS of (2), we obtain
(
µ−c0
)‖w‖pp+
[
p−1−(p−2)
(
α+
1
4α
p(p− 2)
4
δ
)
− p(p− 2)
4
δ
]
4
p2
‖∇|∇u| p2 ‖22 ≤
(
1 +
p− 2
4α
)
2
p
‖f‖pp,
where c0 =
p−2
p
λδ
(
1+ p−24α
)
. It is now clear that one can find a sufficiently large µ0 ≡ µ0(d, p, δ) > 0
so that, for all µ > µ0, (∗) (with b = bn) holds with
cpδ,p = δ
p2
4
(
1 + p−24α
)
2
p
p− 1− (p − 2)
(
α+ 14α
p(p−2)
4 δ
)
− p(p−2)4 δ
(
we select α =
p
4
√
δ
)
=
p
2δ +
p−2
2
√
δ
p− 1− (p − 1)p−22
√
δ − p(p−2)4 δ
,
as claimed. Finally, we pass to the limit n→∞ using Fatou’s Lemma. The proof of (∗) is completed.
Remark 1. It is seen that
√
δ < 2
p
⇒ cδ,p < 1. We also note that the above choice of α is the best
possible.
(b) Set u = (µ−∆)−1f , 0 ≤ f ∈ Lp. Then
‖Gpf‖pp = ‖b
2
p · ∇u‖pp
(we argue as in (a))
≤ δ(λ‖∇u‖pp + ‖∇|∇u| p2 ‖22),
where, clearly, ‖∇u‖pp ≤ µ−
p
2 ‖f‖pp. In turn, arguing as in (a), we arrive at µ‖w‖pp + Ip + (p− 2)Jp =
〈f,−∇ · (w|w|p−2) (w = ∇u),
µ‖w‖pp + (p− 1)Jp ≤ 〈f2, |w|p−2〉+ (p − 2)〈f, |w|p−3w · ∇|w|〉),
µ‖w‖pp + (p− 1)Jp ≤ 〈f2, |w|p−2〉+ (p− 2)
(
εJp +
1
4ε
〈f2, |w|p−2〉), ε > 0.
Selecting ε sufficiently small, we obtain
Jp ≤ C0‖w‖p−2p ‖f‖2p.
Now, applying ‖w‖p ≤ µ− 12‖f‖p, we arrive at ‖∇|∇u|
p
2 ‖22 ≤ Cµ−
p
2
+1‖f‖pp. Hence, ‖Gpf‖p ≤
C1µ
− 1
2
+ 1
p ‖f‖p for all µ > µ0.
(c) Set u = (µ −∆)−1|b|1− 2p f (= Qpf), 0 ≤ f ∈ Lp. Then, multiplying (µ −∆)u = |b|1−
2
p f by
up−1, we obtain
µ‖u‖pp +
4(p − 1)
p2
‖∇u p2 ‖22 = 〈|b|1−
2
p f, up−1〉,
where we estimate the RHS using Young’s inequality:
〈|b|1− 2pu p2−1, fu p2 〉 ≤ ε 2pp−2 p− 2
2p
〈|b|2up〉+ ε− 2pp+2 p+ 2
2p
〈f 2pp+2u p
2
p+2 〉 ε > 0.
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Using b ∈ Fδ and selecting ε > 0 sufficiently small, we obtain that for any µ1 > 0 there exists C > 0
such that
(µ− µ1)‖u‖pp ≤ C〈f
2p
p+2u
p2
p+2 〉, µ > µ1.
Therefore, (µ−µ1)‖u‖pp ≤ C〈fp〉
2
p+2 〈up〉 pp+2 , so ‖u‖p ≤ C2µ−
1
2
− 1
p ‖f‖p. The proof of (j ) is completed.
(jj ) Below we use the following formula: For every 0 < α < 1, µ > 0,
(µ−∆)−α = sinπα
π
∫ ∞
0
t−α(t+ µ−∆)−1dt.
We have
‖Qp(q)f‖p ≤ ‖(µ −∆)−
1
2
+ 1
q |b|1− 2p |f |‖p
≤ kq
∫ ∞
0
t
− 1
2
+ 1
q ‖(t+ µ−∆)−1|b|1− 2p |f |‖pdt
(we use (c))
≤ kqC2
∫ ∞
0
t
− 1
2
+ 1
q (t+ µ)
− 1
2
− 1
pdt ‖f‖p = K2,q‖f‖p, f ∈ E ,
where, clearly, K2,q <∞ due to q > p.
It suffices to consider the case r > 2. We have
‖Gp(r)f‖p ≤ kr
∫ ∞
0
t−
1
2
− 1
r ‖b 2p · ∇(t+ µ−∆)−1f‖pdt
(we use (b))
≤ krC1
∫ ∞
0
t−
1
2
− 1
r (t+ µ)
− 1
2
+ 1
pdt ‖f‖p = K1,r‖f‖p, f ∈ E ,
where, clearly, K1,r <∞ due to r < p.
The proof of (jj ) is completed. 
Remark 2. Proposition 1 is valid for bn, n = 1, 2, . . . , with the same constants.
Proposition 2. The operator-valued function Θp(µ, bn) is a pseudo-resolvent on µ > µ0, i.e.
Θp(µ, bn)−Θp(ν, bn) = (ν − µ)Θp(µ, bn)Θp(ν, bn), µ, ν > µ0.
Proof. The proof repeats [Ki, proof of Prop. 2.4]. 
Proposition 3. For every n = 1, 2, . . . ,
µΘp(µ, bn)→ 1 strongly in Lp as µ ↑ ∞ (uniformly in n).
Proof. The proof repeats [Ki, proof of Prop. 2.5(ii)]. 
Proposition 4. We have {µ : µ > µ0} ⊂ ρ(−Λp(bn)), the resolvent set of −Λp(bn). The operator-
valued function Θp(µ, bn) is the resolvent of −Λp(bn):
Θp(µ, bn) = (µ+ Λp(bn))
−1, µ > µ0.
Proof. The proof repeats [Ki, proof of Prop. 2.6]. 
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Proposition 5. We have, for all n = 1, 2, . . . ,
‖(µ + Λp(bn))‖p→p ≤ (µ− µ0)−1, µ > µ0 := µ0 ∨ λδ
2(p− 1) .
Proof. By [KS, Theorem 1]. 
Proposition 6. For every µ > µ0,
Θp(µ, bn)→ Θp(µ, b) strongly in Lp.
Proof. The proof repeats [Ki, proof of Prop. 2.8]. 
Now, by the Trotter Approximation Theorem [Ka, IX.2.5], Θp(µ, b) = (µ + Λp(b))
−1, µ > µ0,
where Λp(b) is the generator of a quasi contraction C0 semigroup in L
p. (i) follows. (ii) follows from
Proposition 1(jj ). (ii) ⇒ (iii). (iv) is Proposition 6. The proof of Theorem 1 is completed.
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